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ON THE QUANTITATIVE ISOPERIMETRIC INEQUALITY IN THE PLANE 


CHIARA BIANCHINI, GISELLA CROCE, AND ANTOINE HENROT 


Abstract. In this paper we study the quantitative isoperimetric inequality in the plane. We prove the 
existence of a set D, different from a ball, which minimizes the ratio 5{Q,)/\^{Q,), where d is the isoperimetric 
deficit and A the Fraenkel asymmetry, giving a new proof of the quantitative isoperimetric inequality. Some 
new properties of the optimal set are also shown. 


1. Introduction 


The last few years have seen several remarkable breakthroughs in the study of quantitative isoperimetric 
inequalities. These are refinements of the classical isoperimetric inequality, since they control the area 
distance to the ball with a function of the perimeters difference, and can be viewed as stability results. In 
this paper we will deal with the so called Fraenkel asymmetry and the isoperimetric deficit. 

Let C be a Borel set, with Lebesgue measure |fl|. Its isoperimetric deficit is defined as 


5{Q) 


pm - PjB) 

P{B) 


B 


|II|, 


where R is a ball and P{kl) is the perimeter of O in the sense of De Giorgi. The isoperimetric inequality 
guarantees that <1(11) is positive and null only if is a ball. The Fraenkel asymmetry of the set If is defined 
as 

= Si = I"'} ■ 

where Bx is a ball centered at x. It is a natural distance between Q and its closest ball. The quantitative 
isoperimetric inequality, first proved by N. Fusco, F. Maggi and A. Pratelli in [8], affirms the existence of 
a constant Cn, depending only on the dimension, such that for every If C one has 

(1) A2(0) < CNSm- 

See [5], [7] and [l3j for alternative proofs of the same result. For more on the surrounding literature, 
in particular for variants or generalizations of inequality ([I]), we refer to [9] and [Hj and the references 
therein. 

Despite this recent progress, the optimal value of the constant in ([1]) is still not known, even in 
dimension two. The value of can be defined as 


( 2 ) 


C 


= inf 


N 


mm 


,D C / R 


This can be seen as a non-standard shape optimization problem, since the class of admissible domains is 
the class of all measurable sets but the balls. In this paper we prove existence of a minimizer for this 
problem in the plane: 


Theorem 1.1. There exists a set Dq which minimizes the shape functional 


pm 


among all the subsets o/M^ (the ball excluded). 


5{Ft) 

A2(D)’ 
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This existence result in fact provides a new proof of the quantitative isoperimetric inequality in the 
plane. 

In [n], la, m (see also [2] and 0), the minimization problem ([2]) was studied in the restricted 
class of planar convex sets. In particular, one may find the following result in [T]. 

Theorem 1.2 ([I]). Let C be the class of planar convex sets; then 

inf J-(O) = 0.405585 , 
flee ^ ' 

and the minimum is attained at a particular “stadium”. 

This optimal stadium will be useful for us in excluding possible minimizing sequences converging to 
the ball. In [6], Cicalese and Leonard! addressed the same question, among all the subsets of M'^, by 
considering the functional iF{Ll) (extended by relaxation to the ball B) defined by: 

{ B{n) 

inf{liminf J^(n„), X{Lln) > 0, \LlnL:^B\ —>-0} if Ll = B. 

By using an iterative selection principle and by applying Bonnesen’s annular symmetrization, they showed 
that a minimizing sequence for the above infimum is made up of ovals, that is, convex sets, with two 
orthogonal axes of symmetry, whose boundary is the union of two congruent arcs of circle. They proved 
this result using properties of this family of sets established in [3] and [I] . 

In this paper we present a different approach based on a new kind of symmetrization. We replace any 
set n by a new set LI* having two orthogonal axes of symmetry and whose boundary is composed by four 
arcs of circle. This is done in such a way that the areas of B\Ll and Ll\B, where B is an optimal ball, are 
conserved. The key point in our construction is Proposition 12.91 where we prove that, for sets converging 
to the ball, this symmetrization decreases the functional J- asymptotically. It suffices then to explicitly 
compute B for this family of sets and to prove that the limit of the symmetrized minimizing sequence is 
greater than the quantity This is done in Theorem 12.81 Section [2j Finally, Theorem 11.21 shows 

that any sequence converging to the ball is excluded from being a minimizing sequence for B, thereby 
concluding the argument. 

In Section [3l we prove the existence result. Theorem 11.11 Once we know that a minimizing sequence 
{0„} cannot converge to the ball, we need to prove that it is uniformly bounded in a sufficiently large set 
R. This is done by proving that we can replace the sequence by a new sequence with a fixed finite 

number of connected components, see Proposition 13.31 We conclude in a classical way, using the compact 
embedding BV{R) L^{R). 

In Section 0] we establish some qualitative properties of the optimal set. Our main contribution is the 
proof that the optimal set has at least two balls realizing the Fraenkel asymmetry. The case by case proof 
we provide is lengthy, but rather simple. We also give a bound on the number of connected components 
of an optimal set in Theorem 14.11 

In the last section, we present in detail a possible (non convex) candidate for the optimal set for which 
the value of the functional B approximatively equals 0.3931. This would give a value of 2.5436 for the 
optimal constant C^- Notice that the same value Cl was conjectured in [6], where it was also shown that 
it corresponds to a certain shape referred to as a mask. We will keep this denomination. We also explain 
what remains to show that the mask is an optimal set for B. 

2. Sequences converging to a ball and a new rearrangement 

Since the class of admissible domains for B is composed of any domains but the balls, a convergent 
minimizing sequence has two possible behaviours: either it converges to a ball or it converges to a domain 
LIq different to a ball and this will provide a minimizer of B. Notice that, since we are dealing with the 
Fraenkel asymmetry, the convergences of sets that we consider are convergences of the measure of the 
symmetric difference to zero. 

In this section we are going to study the behaviour of sequences of sets converging to a ball. To do that, 
we will define a new kind of symmetrization of sets which turns out to decrease (at least asymptotically) 
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the functional T. Since our functional is scale invariant, without loss of generality, we can fix the area of 
admissible domains equal to tt, if not differently stated. 

In the sequel a special class of sets, named transversal, will be useful for our pourposes. 

Definition 2.1. We say that a set is transversal to a ball B if the number of intersection points 
Mi = {xi,yi),i G {1, ...,2p}, between dfl and dB is finite. 

Definition 2.2. Let Ll he a planar set and let B be a ball such that |fl| = \B\ and LI transversal to B. We 
define the rearranged set Ll* as follows. Let 

qOUT = = B\n. 

Let us now consider the parts of the circle which bound and . Let 7 ^^ = Td}{dLl^^ \ dfl) and 

^OUT ^ ^ ^ n\dB) - . 

Let ^ 1 , ^ 2 , ^ 3 , ^4 be four points on dB defined as follows. The length of the arcs of circle ai 2 and (T 34 , 
with endpoints Ai,A 2 , and ^ 3 ,^ 4 , respectively, equals 'y^^'^/2. The length of the arcs of circle a 23 and 
an, with endpoints A 2 , A 3 , and A 4 , Ai, respectively, equals ^^^12. We next consider another arc of circle, 
ai 2 , with endpoints Ai, A 2 , outside B, such that the measure of the surface au between di 2 and au is 
equal to \Q^^'^\/2. In an analogous way we define cr 34 . We consider an arc of circle cr 23 with endpoints 
A 2 , A 3 , inside B, such that the measure of the surface 023 between cr 23 and (T 23 is equal to \Ll^^\/2. We 
define dn in an analogous way. 

n* is the set whose boundary is the union of the arcs 5 'i 2 , cr 23 , d' 34 , d' 4 i. 

Remark 2.3. The previous rearrangement can be extended to non-transversal sets in a natural way. In 
this general case, the boundary of LI* will contain congruent arcs of the boundary of the ball with length 
(27r — each. We point out that we will use this rearrangement for domains such that 

|nAR| will be small enough, in such a way that the above construction is always possible. 




Figure 1. A set and its symmetrization Ll*. 


Remark 2.4. The previous symmetrization does not coincide with the circular Bonnesen symmetrization, 
used in [1] and [6] . This can be easily seen by noticing that the circular Bonnesen symmetrization of a set 
n necessarily intersects the largest ball containing Ll (at least at one point). This is not the case for the 
symmetrized set Moreover the boundary of the set Ll* is in general not of class C^, even in the convex 
case. 

The first order optimality condition satisfied by a ball which realizes the Fraenkel asymmetry gives a 
constraint on the coordinates of the intersections points. More precisely we prove the following. 

Proposition 2.5. Let Ll be a transversal set to an optimal ball B. Then the intersection points Mi = 
{xi,yi),i G {1, ...,2p} between dLl and dB satisfy 

Xi-\-X3-\- ... + X 2 p -1 - ix2 + X 4 + ... + X2p) = 0, 
yi + y3 + ... + y2p-i - {y2 + ?/4 + + y2p) = 0. 
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Remark 2.6. The assumption that Q is transversal to the ball B will be used to prove that the function 
ip{x,y) = Ar^l is differentiable. Moreover, if Vi is a transversal set to an optimal ball B, then by 

previous result, the intersection points between the boundary of a minimizing set dO. and dB are at least 
four. 

Proposition 12.51 is in fact a corollary of the following differentiability result. 


Lemma 2.7. Assume that Q is transversal to a ball centered in {x,y). Then the function ip{x,y) = 

is differentiable and 

df 

dy 


= -2{xi + X3 + ... + X2p-1 — {X2 + X4 + ... + X2p)) • 


( 3 ) 

Proof. Notice that 

dxdy = xn dxdy - 2 dxdy + dxdy, 

that is, f{{x,y)) = 27r — 2 / xn- Moreover 

JB,., 

fX + l l'y+y/l — {u—xp 

/ _ xn{u,v) dv du. 

c—1 J y—y/l—{u—x)‘^ 

Now, the number of points where / xn is not differentiable is finite, due to the assumption that ft is 

d B/... 


(^,y) 


'B, 


Xn = 


(=c,y) 


(^:V) 


transversal to B(^„, yy Therefore one can compute the derivative: 
d 

-TT I Xn = 


dy 


f xn= [ 

dx-l ^ > 


du. 


Notice that these two integrals measure the length of the projection on the horizontal axis of dB n n 
(counted positively on the upper half plane, negatively on the lower half plane). This entails (see Figure 

ED 

d f 

■ / xn = { xi - X2 ) + (X3 - xf ) + ... + { X2k+1 - X2k ) + { X2p-1 - X2p )]. 

JB,.. 


dy Jb. 


(^,v) 


□ 


In the following theorem, we study the asymptotic behaviour of where rig is a sequence of sets 

converging to a ball. In particular, we prove that the limit value is always greater than the value of F 
for the optimal stadium of Theorem 11.21 We will work in the general case where the boundary of fl* may 
contain arcs of the ball (see Figure E]), even if we will use later this theorem only for transversal domains. 

Theorem 2.8. Let be a sequence of sets, such that |fle| = vr = \B\ where B is a ball. Assume 

that \BALl,.\ = 4e. Then 

liminf , PS 0.45. 

^ - 8(4-vr) 

From now on we will use the following functions: 

(4) g{t) = t - sm(t) cos(t), h{t) = . 

sm (t) 

Proof. Let us fix some notations for fl*; let us consider the case (a) of Figure [2l According to the figure, 
Rf = and i?! = are the radii of the arcs Ai^i, A 2 B 2 , respectively. We observe that 

0<ril + ri2< 7r/2, vl < Of < vr, 0^ < < 7r/2. 


Notice that, by construction, it holds 


mi) 


\niAB 

TT 


l£ 

TT 
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Figure 2. The parametrization of a set Q* in the proof of Theorem 12.81 


and hence 

( 5 ) 


e = (RifaiOl) - g{r]l) = - g{r]l), 

e = -{R2fg{9l.)+g{g^) = -sm‘^{g^)h{e^)+g{gl)^ 


Moreover A (fie) < ^ and 


m*e) = 


271 L 


TT 


4R191 + + 4 ( - - 7/^ - 7/1) - 271 


2 / . , ex e ■ / ex ^2 

= - Sin 7/f) . -gt + sin(??| . 

TT \ sin(t^f) sinft^l) 


r]2 


We deduce from ([5]) that 

( 6 ) 

Hence 

( 7 ) 

where 


sim(7/f 


= hi&i) - HVi), 


sim(772) 


= hir]2) - H^2) ■ 


m) = - 

TT 


Fivt, 


+ F(gh—^ 


F{x, y) = sm(x) — 


sm^(7/f) ) ' sin^(7/2) 

h~^{h{x) + y) 


sm(/i ^{h{x)+y)) 


— X . 


Observe that h ^ exists, since h'{x) = xcos(a;) pQg^^^^yg (0, tt). In the sequel we will omit the 

dependence of gi,9i, Ri on e. Notice that the angles t/i, , 7 / 2 , 6*2 may have the following behaviours (up to 

sub-sequences), as e ^ 0 : 

Af. gi^fii> 0 ; 

Bi'- Vi ^ 0 and k > 0; 

Ci'. Tij —)• 0 and . T . —5- 0 ; 

‘ siw(r)i) ’ 

-|-oo. 


Di'. 77 j ^ 0 and . T . 

* '* siW(r)i) 

In each case, we are going to compute the Taylor expansion of ( i?i, — 


sin^( 7 ?i) 


and ^ 7 ^ f ?? 2 , —^ X 

SI W ( 7 / 2 ) 


This will help us to estimate from below the limit of 

Notice that the analysis of case (b) of Figure [2] is analogous to that one of case (a). Indeed we have 

h{v2) + h{92) = — ^ 


which entails 


sin^(?? 2 )’ 
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since h is an odd function. Hence in case (b) we obtain the same expression ([7|) for 
Case Ai. Since F is analytic, we can write 


F{x,y) = Y,^Ax - 0), 


kl 


dx^dy^ * 

where x > 0. Observe that akfi = 0 for every k, since F{x,0) = 0. Moreover ao,i = sin^(x)/2 and 

cos( 2 x)(-l)™+i 22 ™- 2 , k = 2m 
sin( 2 x)(— 1 )™' 2 ^™'“^, A; = 2m + 1. 


^k,l — 


Therefore 

F{x, y) = cos(2x) ^ {-l)^+^2^^-^{x - x) 

m>0 

y , „,2 


2m y 


+ sm(2x)Y.{-ir2 

( 2 “)! 


mr)2m-l/^ _ ^\ 2 m+l_^ 




( 2 m + 1 )! 


, y , 2 ^k,l , 1-2 

+7 + 2/ T y ’ 

fc>0,Z>2 


that is, 


F{x,y) = ^[—cos(2x) cos(2(x — x)) + 1 + sin(2x) sin(2(x — x))] + + 

3^ ®0,i+3 1,2/ ~\ ®fc+l,i+2 / I 

+ y gTTTW’' + !)!« +27 =^~ 


i>0 


where 


k>0,l>0 
cos(x) sin^(x 


4(sin(x) — X cos(x)) 

We note that the last two series are convergent for |x — x| and \y\ sufficiently small, since the Taylor series 
of F at (x,0) is absolutely convergent. Therefore, if 771 = rji+Si, one has 


1 ^ / e 


sim(r7i)/ 4sim(r7i)e 


jz ——[-cos( 2 r 7 i)cos( 2 ei) + 1 + sin(277i) sin(2ei)] + + 


+ 


sim(r 7 i) 2 

£ ®0,/+3 , ^1 flfcjZ+S k 

sm^iVi) {I + 3)1 sin^^yi) sm^{yi) kl{l+ 3)1^^8110^^{yi)' 


( 8 ) 


„ and the 


k >0, l >0 

When e,ei —)• 0, the first term is equivalent to the second one is equal to g^smOi)-?}! cosOi)) 
third and the fourth ones go to 0. This implies that 

cos(r 7 i) 


- 2 ^ 


sim(r7i)/ 8(sin(?7i) — r}i cos(t7i)) 2e 


+ 7 ;—I" 0 ( 1 )) 


and the hrst term is positive. 

Case A 2 . As in case Ai, one can write the series expansion of F(x,y). Since r ]2 = /?2 + £ 2 ) it holds 


1 ^ / e 

r+^l r?2 ,-—2 


sin^(i? 2 ) 


i 003 ( 2572 ) cos(2e2) + 1 + sin(2?72) sin(2e2)] + 


4 sim(? 72 )e 
£ 


^ «o ,/+3 (-e)' , £2 

/ . /t . . 07. X + 


sin®(?72) )^ (^ + 3)! sin2^(?72) sin‘^(??2) + 3)' ^sin2^(772) 


sim(772) 2 

«fe,«+3 ^k 
2^ TT7V-^£t 


k >0, l >0 


When £,£2 0, the first term is equivalent to — the second one is equal to si-sin the 


third and the fourth ones go to 0. This implies that 


8(sin(?72)-)72 cos(?72)) 


( 9 ) 


47" (> 12 , " 


003 ( 7 ) 2 ) 


sin^ (772) / 8 (sin (7)2) - 772 cos (772)) 2 e 


-7T-+o(l) 


and the hrst term is positive. 
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Case Bi. The angle rji tends to zero, while 9i = h ^{h{rii) + 
holds 


sin^(? 7 l) 


) converges to h ^(/i) / 0. Hence it 


1 / e 


sin(??i) ^ + sin^fai)) _ ^ 


sin^iVi)/ Vi sin(/i i(/i(77i) + 


We observe that % ^ +oo and 


£^>0 rji sin(C7ij 


Case B 2 . In this case 62 = h ^{h{rj 2 ) — so that, as in case Hi, 


1 £ 
72^ [ 92 ,--^, 


sin^(7?2). 


\_m sin(??2) ^ ^iKm) sin'fe)) . 

) e 2 1^2 sin(h-i(/i(7?2) - 


As before, % —)■ +00 and 


£^>0 772 sin(tl 2 ) 


since 772 tends to zero, while 62 tends to h ^{h) 7 ^ 0. 
Case Cl. Since F is analytic, we can write 


P'ix, y) = Y 1 ’ where ak,i = 


dx^dy^ 


F(0,0). 


We need the exact value of some of the coefficients ak,i- Observe that akfi = 0 for every k, since F{x, 0) = 0; 
as well, 00,7 = 0 for every I, since F(0, y) = 0. Moreover 09,1 = 0 and for /c > 1 


Ofe,! — 


k = 2 m + 1 




and 01,2 = 3/4. Hence F can be written 


^2k—2 

F{x,y) = 


^k,i+2 k^j ^ ysm‘^{x) 2 
k'.il + 2 )\ ^ 2 ^ 


ak,l +2 k^.l 


k+lt _V ^^’^+2 I ^ {X) 2 V- “fc4+2 k I 

(2*=)i C>w>o*!(' + 2)! 2 +CA-->nk!(i + 2)! ’ 


A:>1,7>0 


that is, 

, . 77sin^(x) 2^ I 3X= ®l,i+3 I , 2 2 «A:+2,Z+2 k I 

F{x,y) = - xy —xy } — —y+xy > -- -rj- - rrx y . 

2 ^8 ^^(/ + 3)!^ y +2)1(1+ 2)\ 

We observe that the last two terms are convergent for \x\ and lyl sufficiently small, since the Taylor series 
of F at (0, 0) is absolutely convergent. Therefore 

4-^ ■2^7 1 ) = 

£2 sm2(77i)/ 


_ 1 Vl 3 ^ V *^^^+3 afc + 2 , 7+2 

2 e sin"^(77i) 8 sin2(77i) A:!(Z + 3)! sin2'(77i) (A: + 2)!(/+ 2)! sin2'(r7i) 


and the last term tends to |. This implies that 


t ( ^ \ 13 771 

V'"ii^j ^ ^ ^ siiTJto) + 

Case C 2 . In this case, 02 = h~^{h{r] 2 ) — Using the same argument as in case Ci, we have 

1 ^ / e \ —1 3 772 . 

-^F i 772 , r^- - 1 = — + o I" 0 ( 1 ) • 

£^ \ sm (772)/ 2e 8 sm 772 
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Case Di. We claim that 


TT 


/ifvr — a) > —> hln — a — W), 0 < a < 0.9. 

This can be easily proved recalling that 

( 10 ) 


^ ^ t3 ^5 

t -< sin(t) < t -1-. 

6 “ ^ ^ - 6 120 


Indeed the first inequality to prove is equivalent to a^( 7 r — a + sin( 2 a)/ 2 ) — 7 rsin^(Q!) > 0 and by (fTOjl a 
bound from below of the left hand side is — |q;® — ffa® + 3 I 0 ®* “ which is positive for a < 1 . 

On the other hand, the second inequality is equivalent to a^( 7 r — /3 + sin(2/3)/2) — 7 rsin^(/ 3 ) < 0, where 
/3 = a + and by (fTOjl a bound from above of the left hand side is (vr — |/3^ + — vr(/3 — 

which is negative for a < 0.9. 

Let us set ^ = h{r]i) + . The hypotheses on r]i imply that a ^ 0. Therefore 


e 


= lim sin(r/i) — 


£->o i ’ sin^(r/i) y '''‘^^sm{h ^(vr/a^)) 


h ^(vr/a^) , TT — a 


— rji = lim sin(r/i) — 

e^o sin(a) 


m- 


Since a is equivalent to ^ sin(r/i), one has 


F Vi, 


sim(? 7 i) 


TT — a 


TT 


^/£-r]l + o{^/e). 


The hypotheses on r]i imply that 


F{vu- 


sim(T/i) 


= ^/n^/e + o(i/e). 


Case D 2 . Set —^ = h{r] 2 ) — . Since h{t) is an odd function, we have 




V2 ,—— I = smr]2—7j—ff-^ - m, 
sm^7?2/ sm{h i(^)) 


which is analogous to case Di. Hence 


F m ,—r^— 

sm r ]2 


= + o(-\/e)- 


We are now able to compute lim inf 7^(11*), by observing that 

e^O 


liminf = hmmf , > hmmf-^— > — hmmf 




sim(? 7 i) 


+ 4^ ( m, 


—e 


sim(r72) /_ 


The technique consists in combining the behaviour of the function F{x, y) for x = iji and y = zfc . | . This 

Sin Tfi 

obviously depends on the behaviour of the angles r]i,0j {i,j G {1,..,4}). Hence all the different possible 
situations have to be considered. In all the cases, except the case (^ 1 ,^ 2 )) hminf^^ois infinite. In 
the case (^ 1 ,^ 2 ), the liminf is finite, but larger than Indeed thanks to ([8]) and ([9]), it holds 


( 11 ) 


lim inf 




TT 
> - 


e^O X^{Q,*) ~ 8 


COS ( 571 ) 


+ 


cos (572) 


_ 8 (sin(r)i) - cos{rji)) 8 (sin(r) 2 ) - ?? 2 COs(r/ 2 )) 
since the terms in e cancel each other. Now, by the convexity of the function x i-A „/ ■ -v, it is easy 

o I sm «2/ in cos X ] 

to see that the minimum of the above function of ( 571 , 772 ) is attained for ( 771 , 772 ) = (7r/4,7r/4), that is, 

(5(n*) vr cos('7r/4) vr 

(12) lim , ,/ -^^TTT = 777 ^-r > 0.44. 


6(nt) TT 

lim- >- - 

e^o A(H*)2 “ 4 8(sin(77/4) — 7r/4cos(71/4 )) 8(4 — tt) 


□ 


In the following proposition we prove that the symmetrization of Definition 12.21 makes J- asymptotically 
decreasing. This is the key point of our approach. 
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Proposition 2.9. For every a > 0 there exists /3 > 0 such that for every Q transversal to an optimal hall 
B with A(r2) < (3, one has iF{Q*) < + a. 

Proof. Let 0 < ipi < ip 2 < ■■■ < ^ 2 p < 2?! be the angles determined by the intersection points Ai, ...,A 2 p 
between d^l and dB defined as ipi = {Ox, OAi) as shown in Figure O Define rjj = {(pj+i — Pj)f2. 


area es area £2 area ei 



Figure 3. The points Ai, the angles (pi and the areas £i in the proof of Proposition 12.91 


Let Tout = {Ai, A2)0{A^, A^^fjU ...U{A 2 p-i, A 2 p) C dB and F/jv = (^2,^3)U(^4,^5)U...U(A2p,^i) C 
dB. According to the figure, let us denote by £*, for i = 1, ...,2p, the area of the connected component 
of TlAB whose boundary contains the points Aj, Aj+i. Using the solution of the Dido problem on each of 
these connected components (where the arc Aj,Aj_|_i is fixed), we can replace all components of TlAB by 
a set of same measure, bounded by two arcs of circle, then it holds 


(13) 






271 


-1 


where Ae = |DAi?| = eZi circles with end-points Ai, Aj+i such that the area of the 

region enclosed by the arc Ci and the ball B equals £i. Since the area of Tl is vr, we have 

p p 

(14) 2£ = ^ e2i-i = ^ £2i- 

i=l i=l 


We are going to minimize the perimeter of D over each of the sets Tl\B and B\Tl, separately. We will 
prove that the minimizer is Q*, in both cases. This will imply that the minimizer of is D*. 

Notice that the set Tl satisfies the following conditions: 


(15) 


EZliP'ii ~ P2i-l) = B}{ToUt) = lOUT, 
EZl{P2i+l — Pli) + Pi — P2N = TL^{Tin) = JlN, 

E?=l(cOs(v72i) - COs((/72i-l)) = 0, 

.E?=i(sin(<^ 2 i) - sin(¥72i-i)) = 0 , 

where the last two constraints are a consequence of Proposition 12.51 and 

4e 


A(D) = 


vr 


Let us consider the set Tl \ B. Let f{x) = 


siniE—ir cosfc 


; according to the analysis of Case Ai in the proof 


of Theorem 12.81 we have to study the minimization problem 

( P 


(16) 


mm 


E 

^ 2 = 1 


c . ;r 2 . 

^22—1 . ^22—1 r / \ I / 2 \ 

^ B f{V2i-i) + o{e2i-i) 
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under the constraints in () 14 p , () 15 p . Instead of solving the complete minimization problem we are going to 
consider only the first two terms of the developement in (| 16 l) that is, we minimize the function 

p 

G{ei,£ 3 , ...,e 2 p-i,i]i,r] 3 , ...,r]2p-i) = 

i=l 

under constraints (fnp and (fT^ . 

Observe that the e^’s are in a compact set. Let us first solve the minimization problem with respect to 
the Si- If we compute the derivative of G with respect to Si, by constraint (fHp . we get, for every i = 1 , .■,p 

( 17 ) 2 e 2 i-l/(l? 2 i-l) = Aq, 


where Aq is a Lagrange multiplier, that is, 

, , ^ 4e 

(18) -^0 = — 1 

^*=1 f(V2i-l) 

If we replace £2^-1 in the expression of G, problem (fT6l) reduces to find niax^?^^ TlrjirTj' 


p 

( 19 ) max ^ tan 1721-1, 

i=l 

due to constraint m- 

We are going to prove that 171,173..., f72p-i are in a compact set contained in [ 0 , ^) and the existence of 
a maximizer for (11911 will follow. First of all, we observe that r]2i-i < ^ for every i E { 1 , ..., 73 }. Indeed, 
if rj2i-i > \ for some i, then Aq would be negative by (fT 7 p . If 1721-1 = f for some z, then Aq = 0 and we 
would find one arc. Notice that this is a contradiction, as observed in Remark 12.61 

Since the problem is rotations invariant, we can assume that (^1, ^2) is the longest arc and Ai = 

A2 = {—xi,y), with 17 > 0 , that is, ip2 = tt — ipi. Let us assume that 

Vr TT 

- < ¥?3 < ¥^4 < •■• < < 71 , 0 < Pq+I < (pq +2 < < P 2 p < - , 

for some m, g E N. We claim that if n {1/ > 0 }) > then ipi > 'H^{rj]^)/ 4 :. Indeed, 

constraints (fTCP imply that 


( 20 ) 


— 2 cos ifl = cos ip2 — cos (fl = (cos (/J3 — cos (fi) + ... + (cos P2p-1 — cos (P2p)- 


We are going to estimate from below the right hand side. We will divide our analysis according to the 
parity of m and q. 

If m is even, then in the right hand side of (12011 all the terms involving indices less or equal to m are 
positive. Assume that m is odd. Then in the right hand side of (l20P the terms cos (/13 — cos ( 714 ,..., cos P 2 j-i — 
cos ip 2 j , ••• , cos (pm ,-2 — COS (fm-i aic positive. We rewrite cos ipm — cos (fm+i = (cos (pm — cos tt) + (cos tt — 
cos< 7 im+i)- The first term is positive and the second one will be treated later. In conclusion, the sum of 
these terms is greater than — 1 . 

The points in the first quadrant {x > 0} H {y > 0} will be treated in the same way. For the other points, 
we have to estimate the measure of the projection on the x line of F/at n {1/ < 0}. To do that, we observe 
that if F is an arc in {y < 0}, then the measure of its projection Px on the x line is greater or equal to 
2 (^1 — cos ^ 2 ^^ ) • Since we are assuming that ^^(F/w Fl {?/ < 0}) < ^ 


i^n7’x(r7ivn{y <0})) >2 


1 — cos 


7^'(r7ivn{y <o}) 


>21 — cos 


n^riN) 


'hi ^ fr 1 

The above estimates imply that cos (731 < cos(—4^) and then 

( 7?2 - <771 TT 

A - /i 2 - 2 4 

If T-L^{Tj]y n {y > 0 }) < 'H^(F/7 v)/2 , then ipi > T-L^{Ti]\f)/ 4 :. Indeed, we get the same estimate as in the 
previous case: 


n\PxiTiNn{y<0}))>2 


1 — cos 


T^HT/w n {y < 0}) 


>21 — cos ■ 


n 
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We now study problem (fT^ . Let us write the optimality conditions, we get 


(21) --(1+ tan^77j) = -Aq + Ai sin vP 2 i-i - A 2 cos 

i(l + tan^?7j) = Ao - Aisin(y92i + A2COS(^2i, 
where Ao,Ai,A 2 are Lagrange multipliers. 

Assume now (Ai,A 2 ) / (0,0). Let a = y^Af + A^. Then Ai = asin^o and A 2 = acos^o- Summing up 
in (EH), we get for any i cos{0q + ip 2 i) = cos(0o + The only possibility is Oq + (p 2 i = —0o — 

that is, the rjiS are equal. Therefore the functional T" is A:tan(— 2 F^)) for some A: G N. The maximum 
is attained at the minimal possible value of k, which is 2 (notice, indeed, that A: = 1 is impossible due to 
the constraints). For k = 2 we obtain a geometric configuration which coincides with the symmetrized set 

n*. 

Assume (Ai,A 2 ) = (0,0). For every i G {l,...,p}, tan^ 772i-i = 2Xq — 1. Therefore r] 2 i-i = ^ ±/i. Since 
V2i-i < T, there exist I elements r]i equal to ^ — h and either 0 or 1 element equal to ^ + h. The last 
case is impossible, since /(^ — /i) + ^ + /i < vr is in contradiction with h < ^. Therefore we have 


271 


1 = I tan 


n 




21 


as seen in the previous case. We thus find that the minimum is attained for I = 2 and a similar conclusion 
holds true. 

The analysis of i? \ is analogous. Therefore fl* is a minimizer of (|19l) . 

Hence, in every cases, by (fTBI) it holds 


2p 

> P{n*) - a, 

i=l 

for some d > 0. By coupling the above inequality with (fT^ . and recalling that A(H*) = A(n) = we 
obtain that 


(22) F{n) > F{n*) - a 

for some a > 0. 


□ 


We now describe the possible behaviour of any sequence converging to a ball. A consequence of the 
previous results is 

Corollary 2.10. Let {f2e}e>o a sequence of sets converging to a ball B such that |HAHe| = 4e. Then 


(23) 


TT 


e^o ^ - 8(4 - vr) 


Proof. Let a > 0 and let /3 be the corresponding value to a/2 given by Proposition 12.91 Let be an 
optimal ball for so that X{0,£) < de/vr. We choose e sufficiently small such that A(n£) < /3/2. We can 
modify into a transversal set fig to its optimal ball B^ such that 

l^el ~ ) 


5(bl.) 5(f^.) 


A2(H^) A2(L1^) 

X{ne) < p. 

Since Hg is transversal to B^, by Proposition 12.91 one has 


a 

~ 2 ’ 


6{nt) SiQe) ^ a 


X^{n*) A2(f7g) 


“ 2 ’ 


and summing up we get 




< 


<5(L!g) 


A2(Q*) A2(f7g 


“h Ot. 
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By Theorem 12.81 one has 


lim inf 
£—^0 


me) 

A2(0,) 


and this entails the result, as a is arbitrary. 


+ a > 


TT 

8(4 — tt) ’ 


□ 


We underline that, although inequality ()23p is sufficient to prove that the sequences converging to the 
ball are not “competitive”, we prove also that the value is sharp, in the sense that there exists a 

sequence such that F{Q.ri) gives this value at the limit. For that purpose, we need a preliminary 

result for optimal balls which has, however, its own interest. 

Proposition 2.11. Assume that C has a symmetry axis IT and is convex in the perpendicular 
direction. Then there exists an optimal ball centered on II. 

If, moreover, the domain is transversal to its optimal halls and it does not contain segments which are 
orthogonal to FI, then all the optimal balls are centered on FI. 


Proof. We first prove the result for a transversal domain to an optimal ball and we assume that its 
boundary does not contain segments which are orthogonal to the axis of symmetry. We can assume that 
n lies on the x axis. The boundary of H will then be given by y = ±/(x) for some function / : M —>■ M 

such that / > 0 in an interval [a, b], and f{x) = 0 if x < a or x > 6 . Set 

ip{M) = ip{x,y) = \QABm\, 

where M = (x, y) and Bm denotes the unitary ball of center M. Let Mi, M 2 , ...M 2 p be the intersection 
points between dH and OBm in an counter-clockwise order such that the boundary of comes into the 
disk following the standard orientation of the curve (see Figure 0] (a)). By Lemma 12.71 we have 

^ = - 2 (^X 1 + X 3 -k ... + X 2 p -1 - (X 2 + X 4 + ... -k X 2 p)) . 

Hence in the case where Bm is an optimal ball for H, we have that xi-kX 3 +...+X 2 p-i —(x 2 +X 4 -k...+X 2 p) = 0. 

In particular we denote by Ui the x-coordinate of the point Mj belonging to the half plane n+ = {(x, y) : 
y > 0} and by Zj the x-component of the point Mj belonging to n~ = {(x,y) : y < 0}. For simplicity 
we can assume b > ^/l — t‘^ in such a way that ui > U 2 > ... > Uk and Zk+i < Zk -12 < ■■■ < Z 2 p. The case 

U 2 p > ui > U 2 > ... > Uk corresponds to Figure 0] (b) and can be treated in an analogous way. 




Figure 4. The intersection points of a minimizing set H and its optimal ball, in the proof 
of Proposition 12.111 


Assume by contradiction that the center of the optimal ball is {0,t),t > 0. We are going to prove that 
^ > 0 which leads to a contradiction. 

Define 


yi(x) = x^ + (/(x) - - 1; y2(x) = x^ + (/(x) -k - 1. 

Notice that the intersection points of the optimal ball with D, in H^, satisfy gi{u) = 0, while the intersection 
points of the optimal ball with D in H”, satisfy 52 (-2) = 0. Observe that 52 (x) > yi(x) for every x G M since 
52(x) — yi(x) = 4 /(x)t > 0. Hence there cannot exist zeros of g 2 in an interval where yi is non-negative. 
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Moreover for x G (a, 6 ), g 2 {x) > gi{x), while for x < a or x > 6 , <71 (x) = g 2 {x) = x^ + — 1 and hence 

^ +00 if X ^ ±00. Let Ui > Ui+i be two consecutive zeros of gi and assume that g'l < 0 in 
{ui+i,Ui). Since we assumed b > y/l — t'^, necessarily i is an even index. We now focus the analysis of 52 
in the interval {ui+i,Ui). 

Three different situations may occur: (i) the function (72 has no zero in the interval (ii) there 

exists exactly two zeros of 52 belonging to (rtj+i, ttj); (iii) there exist more than four zeros of 52 belonging to 
{ui+i,Ui). We analyse each situation in order to study the sign of the function xi+...+X 2 p-i — (x 2 +...+X 2 p). 

In situation (i), the function 52 is strictly positive, and Ui — rti+i > 0, that is, Xj — Xj+i > 0. In situation 
(ii), let zi < zi+i be the only two consecutive zeros of 52 belonging to (uj+i, rt,), that is g '2 < 0 in {zi, zi^i) 
and positive elsewhere. Hence the index I is even as well as i. We can say that Ui — Uj+i > zij^i — zi and 
hence, Xi + zi- (xj+i + zi+i) > 0. 

In situation (iii), g 2 changes its sign more than three times in {ui+i,Ui). Let zi < zi^i < ... < zi+q be 
the zeros of g 2 ', again the indices I, q are even. We can say that Ui — rtj+i > — zi + ... + zi^g — 

which can be rewritten as Xj + x; + ... + x;_|_q_i — (xj+i + x^+i) + ... + x;_|_q) > 0. This argument implies 
that ^ > 0, which leads to a contradiction. Hence the center of the optimal ball is at (0,0). We have 
thus proved that all the optimal balls must be centered on H for such domains. 

For the general case, we proceed by approximation. Let now H be an arbitrary domain: either if H is 
not transversal to an optimal ball or if its boundary contains vertical segments, one can find a sequence 
of sets Hn transversal to their optimal ball or without vertical segments and converging to H in the 
norm. Let Bc„ be a sequence of corresponding optimal balls for Qn of center c^,; necessarily Cn belongs to 
H according to the hrst part of the proof. Up to a subsequence Cn converges to some c G H. By definition 
of optimal ball, 

(24) 

for every (x,y) G M^. Now, 

\Bc„AQn\ = ||XBc„ - Xnnlll,i(R2) -5^ lIXSc -Xo||l1(R2)- 

In the same way 

= I|XS(,.^) - Xn„||Ll(R2) ^ IIXS(,,y) “ Xn||Ll(R2). 

Therefore, passing to the limit in (|24ll . we obtain that Be is an optimal ball for H. □ 

By applying Proposition 12.111 in two orthogonal directions, we easily deduce the following corollary. It 
will be useful to characterize the optimal ball of the symmetrized sets defined in section [2j 

Corollary 2.12. Assume that H C is transversal to its optimal halls, it has two perpendicular axes 
of symmetry ni,n 2 , it is convex in both perpendicular directions to ni,n 2 and it has no segments on its 
boundary parallel to one of these directions. Then there exists an optimal ball centered at the intersection 
of the two axes ni,n 2 . Moreover, if did does not contain segments parallel to directions of symmetry, 
necessarily it has only one optimal ball which is centered at the intersection of the two axes. 

We use now the previous corollary and Theorem 12.81 to compute the inhmum of liminfg^o-^(^e)- 

Theorem 2.13. Let e > 0. Let be a sequence of planar regular sets converging to a ball B. Then 

inf (liminf ^^(Hg)} = —-. 

I ^ 8(4-71) 

Proof. According to Corollary 12.101 it suffices to exhibit a sequence of domains for which we have equality 
in (f23)l . We choose a particular sequence . If is convex, Corollary 12.121 guarantees that the center 
of its optimal ball is the center of symmetry of il*. Let be a sequence of transversal sets to a ball B, 
converging to B and such that il* is convex. This corresponds to the cases Ai and A 2 of the proof of 
Theorem 12.81 for which we have, see CID 

liniinf-^®- = - [ cos(?}i) __ cos( 7 ) 2 ) _ 

£^o A 2 (H*) 8 8 (sin(? 7 i) — r/i cos(r)i)) 8 (sin(? 72 ) — i ?2 cos(r) 2 )) 

Now the minimal value of the right-hand side is achieved for fji = 7)2 = 7r/4 for which we get §^ 43^1 
seen in m- 


as 

□ 
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Remark 2.14. Notice that the same result has been proved in [6] by using the so called ovals sets. 

3. Existence theorem 

In this section we are going to prove the existence of a minimizer Q for the functional We have 
proved that sequences of sets converging to a ball cannot be minimizing. For the other sequences, we are 
going to prove that they are contained in a fixed bounded domain R. This will allow us to get the existence 
of a limit set O. More precisely in Proposition 13.31 below we prove a uniform bound on the number of 
connected components of a minimizing sequence. Notice that a similar uniform boundedness was proved 
in [HI Lemma 5.1] in a different way. 

We start with a natural result in this context. 

Lemma 3.1. Let Ll = UjWj C where Ui are conneeted components. Let he any set composed by 
the same oji translated in such a way that the Euclidean distanee between them is more than one. Then 
X{n) < A(Q). 

Proof. We will prove the statement for a set LI composed by two connected components Ei and E 2 ] the 
general case is similar. 

Assume |n| = vr and let B be an optimal ball for Ll, that is, X{Ei U E 2 ) = 2(7r — \Ei nB\ — \E 2 H B\)/Tr. 
We denote by LI the set obtained by translating far away the component E 2 . Up to rename Ei,E 2 , we can 
assume that A(n) = 2(7r — \Bx H EiD/ir, for some ball B^ ^ B of radius one and center at x. Assume by 
contradiction that X{Ll) > A(n), that is, \Ei n R| + \E 2 n R| < \Ei n Bx\. Hence \Ei n H| + \E 2 H H| < 

I El n Bx\ + IE 2 n Bx\, which contradicts the fact that B is an optimal ball for the Fraenkel asymmetry of 
LI. □ 

Lemma 3.2. Let a; C 6e a connected set which is not contained in a ball of radius 1. Then its perimeter 
is greater than 4- 

Proof. The convex hull of uj, denoted by co(lo), is connected and is not contained in a ball of radius 1. 
Hence the circumradius of co(uj) is greater than 1. Therefore the perimeter of co{uj) is greater or equal to 
4. Since w C is connected, its perimeter is greater or equal the perimeter of its convex hull. Thus, the 
perimeter of to is greater than 4. □ 

Proposition 3.3. Let LI he a planar set whose perimeter is less than 20. Then there exists a planar set 
LI composed by at most 7 connected components, such that 

T{n) < T{Ll). 

Proof of Proposition \3.3\ Assume that LI is the union of m (possible infinite) connected components Wj. By 
Lemma EH we can assume that only one connected component has a non-empty intersection with an 
optimal ball B, since one can translate far away each connected component and this procedure decreases 
the value of the functional T (since A increases and 5 keeps equal). 

By Lemma EH there exist at most 4 connected components uji,uj 2 ,uj 3 ,uj 4 which are not contained in a 
ball Bi of radius 1. The first step consists in replacing all the other components Ui,i > 5 by a ball: this 
decreases the perimeter without changing the Fraenkel asymmetry. We relabel all these balls by choosing 
a decreasing order with respect to the corresponding radii tq > ri > r 2 .... 

The optimal ball is either on one of the four first components u)j,j = 1,... 4 or on the ball with the 
largest radius ws = B^q . So we deal with a domain H defined as 

^ 4 

H = IJ (Jj U IJ Br„ 

j=l i>0 

for which T'(H) < T'(H). Moreover A(H = A(H), where 

f / 9 n |a;,'AEi|+7r 
X{Ll) = mm < 2(1 — Tq); — - - 

Notice that, since A(H) < 2(1 — r?), it holds Vi < a := \Jf — X{Ll), for every i > 1. 
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Let TTa be the area of wi U W 2 U ‘Vs U a ;4 U and 2tiPq its perimeter. Let K be the following compact 
set: 

K -.= lr = (ri,r 2 ,...) : = I - a, ^ < ri < a 

y i>i 

We construct the set n by replacing the balls Br^,Br 2 ,... of by two balls, at most, in such a way that 
decreases. To do that, we minimize over K the quantity 

Po - 1 + 

Jv) = -^—• 

A2(L!o) 

The minimizer has at most one element verifying 0 < rj, < a. Indeed, if there exists ^ rj such that 
0 < ri < a,0 < rj < a, then we can replace r* by rj + hi and rj by rj — /12 for some /ii < / 12 , in such a way 
that the strict inequalities are still satished. We still have an element of K, because 

1 - a = + (P + ^1)^ + (P' - ^2)^ , 

if and only if (/ii,/i 2 ) belongs to the cercle centered in {—ri,rj) of radius + r|. It is easy to see that 
such {hi , / 12 ) exist: this implies that + hi and rj — /i 2 give a smaller value of the minimum of the quantity 
j{r). This is absurd. Hence the minimum of j{r) over K is attained for r = (a, a, a ,..., a, b, 0,0,...) where a 
is repeated m times and b < a. The minimizer satisfies |rp = ma^ + 6^ = 1 — a, that is, m < Notice 
that the quantity j{r) is minimal for the values of a, m which minimize a{m+ — m). It is not difficult 

to prove that the minimum is realized by m = 1. Therefore, the set H = cui U (V 2 U cja U (V 4 U U U 5^2 
satishes P(H) < P(H). □ 

We are now able to prove Theorem lI.il 



Proof of Theorem \l.l[ Let {H„} be a minimizing sequence for P and assume |H„| = vr. By Corollary 12.101 
and Theorem II.21 the sequence {Hn} does not converge to a ball. Since S{Qn) < 0.41A^(Hn) and X{E) < 2, 
for any planar set P,it holds < 1.64. This implies that P(Hn) < 27r + 27r 1.64 < 16.6. 

By Proposition 13.31 we can replace by another minimizing sequence (still denoted with at most 7 
connected components and each component has a diameter less or equal to 8.4 (because the total perimeter 
is less than 16.6). Therefore, it is possible to enclose all the connected components, with mutual distance 
between 1 and 2 in a large, but hxed, rectangle R. 

By recalling that P(H„) = |Pxo„(P)l, the sequence is bounded in BV{R). By the compact 
embedding BV{R) ^ L^{R), there exists H C P such that, up to a subsequence, Xfin Xo weakly-* in 
BV{R). Thus xo„ —^ Xn in ^^(^) nnd |H| = vr. Notice that A(H) > 0 since H is not a ball. Moreover 
liminfP(H„) > P(H) by lower semicontinuity and thus liminf(5(H„) > 5(12). 

n—>-oo n—^■oo 

We hnally prove that A(H„) —>• A(H). Let Bx,Bx„ be optimal balls, with respect to the Fraenkel 
asymmetry, of respectively and let be their centers. Therefore |H„| = \BxJ\ = |H| = \Bx\ = vr 

and P{Bx) = P{Bx„) = 2?!. It holds 


A(H„) < 


llxrin XSa: I iL'-(iJ) 


\Bx 


vr 


. llxo„ - Xo||li(r) , llxo - Xs^IIli(r) _ , 

^-1-— £n 1 A[il). 


vr 


vr 


On the other hand, 


\^n\ ^ , llxn - Xn„llLi(R) llxn„ - Xr.„IIli(r) _ , wp, 5 

AtiiJ S —rj5-j— S-1- — £n + 


Bx 


TT 


vr 


and hence we have 


lim A(Hri) = A(H). 

n^+oo 


Thus H provides a solution of the minimization problem. 


□ 
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4 . Properties of the optimal set 

In this section we gather some analytic and geometric properties of an optimal set for T. 

Proposition 4.1. Lei Oq he a minimizer of the funetional J-. Then, 

(1) cirio is of class 

(2) the boundary of Oq is composed of arcs of circle. More precisely, in any connected component of 

the set \ + dB) (where Z{Qq) is the set of the centers of the optimal halls for LIq), 

dQo is an union of arcs of circle with the same radius; 

(3) P(flo) < 16.16; 

( 4 ) Oq is not convex; 

(5) Oq is composed by at most 6 connected components. 

(6) LIq has at least two optimal halls realizing the Fraenkel asymmetry; 

The first two statements have been proved in [5]. Statement (3) follows from the fact that X{Ll) < 2 for 
every Q. and < 0.41 by Theorem 1 1.2 1 so that P{LIq) < 27r(4-0.41 — 1) = 16.16. Statement (4) follows 

from the existence of a non convex set Mq, shown in Section [5l for which J^(Mo) ~ 0.39 (see Conjecture 

ED. 

We sketch the proof of statement (5). Assume that the optimal domain has several connected com¬ 
ponents: Oq = {'ITT' possibly infinite) and assume Iflol = t. Necessarily, if a component ui is not 

contained in a unit ball, then \ijjABx\ > 0, as Bx is an optimal ball for the Fraenkel asymmetry; other¬ 
wise, we could replace it by a ball strictly decreasing the perimeter. Therefore, we can use an analogous 
argument to that one of the proof of Proposition 13.31 noticing moreover that the optimal ball is positioned 
on one of the four first components 0 Ji,i = 1,... 4 (and actually on all) and that P{LIq) < 20 by statement 
(3). Thus we can perform the minimization procedure shown in the proof of Proposition 13.31 and we are 
able to replace the collection of balls by at most two balls (the biggest one which could also be in contact 
with an optimal ball). 

Property ([ID is proved in Section 14.21 by using some optimality conditions satisfied by an optimal set 
for P. We will compute the shape derivative of the Fraenkel asymmetry to prove these conditions. 


4.1. Differentiability of the FVaenkel asymmetry. We are going to compute the shape derivative 
of the functional Ll i—>• A(n). Since A is defined as a minimum, we first present a general lemma on 
differentiability of such functional in topological spaces. 

Let A, B be two topological spaces. We consider a function j{xX) : Ax B ^ W and we assume that the 
derivative of j with respect to the second variable ( exists and is continuous with respect to x. For each 
fixed C, we define x(C) as a solution of miHx^Ajix, C)- Let A be defined on B as the value of the minimum: 

HO = j(2(C),C)- 

Lemma 4.2. Assume that for some (o G B there exists a unique x(Co) £ ^ where j(')Co) attains its 
minimum. Then the function f i-)- j{x{0:0 differentiable at Co o-nd its derivative is |^(2(Co), Co). 

Even if the previous result is classical in variational analysis, we prove it for sake of completeness. 


Proof. Fix (Q,h G B and let t > 0 (the proof works as well for t < 0). We are going to compute the 
derivative of A(C) = j( 5 :(C)) C) along the direction h. By definition of x(C) it holds 

A(Co + th) = j{x{Co + th), Co + th) < j(2(Co), Co + th). 


This implies that 


A(Co + th) - A(Co) ^ j{x{Co), Co + th) - j(®(Co), Co) 


t 


and hence, passing to the limit as t 0, we get 

v A(Co + th) — A(Co) 

lim sup- 

t^o t 

The reverse inequality is obtained in an analogous way by observing that 




A(Co) =i(2(Co),Co) < j{x{Co + th)Xo), 
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which implies 

A(Co + th) - A(Co) ^ j jx{Co+ th), Co+th) - jjxiCo + th),Co) 
t ~ t 


By the uniqueness of x{Co), we have x(Co + th) x{Co) as /i —>• 0. The continuity of the function 
X i-A ^{x,C) implies 


lim inf 
t^o 


X{Co+th)-XiCo) 

t 


> {^ix{Co),Co)]h), 


which gives the desired result. 


□ 


We are going to apply the previous lemma to j{X,Q,) := \BxXQ,\/7r in such a way that X(n) is the 
center of an optimal ball and A(n) = j{X{Xl),X}) is the Fraenkel asymmetry. Notice that in this way we 
make an abuse of language, since kl in fact does not belong to a topological space. Instead we should 
consider the classical shape derivative, as explained in m Chapter 5] and replace the set by a space of 
diffeomorphisms acting on a fixed domain. Since no confusion can occur, we keep this convenient way to 
present the derivative. In that context, what we denote by dX{X}] V) is the limit, as t —)• 0, of the ratio 

x{{id + tv){n)) - x{n) 

t ’ 

where V : —>■ is any regular vector field and Id + tV a small perturbation of the identity operator. 


Proposition 4.3. Let XI be a planar regular (Lipschitz) set of area vr and assume that it has a unique 
optimal hall for the Fraenkel asymmetry X, whose center is at X*. Denote by = Ll\ Bx* and 

= Bx* \ Xt. Then the shape derivative of X exists and is given by 

(25) dX{Xl;V)= [ V-nds-f V-nds, 

JdfiouT^dBx* Jan^^XdBx* 

where n is the exterior normal unit vector to the boundary ofXt. 

Proof. Assumptions of Lemma 14.21 are satisfied since the measure is differentiable, see for example |12l 
Theorem 5.2.2]. Notice that the opposite sign of the two terms in (|25p is due to the fact that the measure 
of Xt is counted positively outside Bx* and negatively inside. Moreover, it is clear that the derivative given 
in formula (|25p is continuous with respect to A. □ 


4.2. The optimal set has at least two optimal balls. In this section we are going to prove that an 
optimal set for XF cannot have only one optimal ball for the Fraenkel asymmetry. 


Theorem 4.4. Let Xt be a minimizing domain for the functional T. Then Xt has at least two optimal balls 
for the Fraenkel asymmetry. 


The proof argues by contradiction. Notice that if Xt, whose area equals vr, has just one optimal ball B, 
then its boundary is composed by arcs of circles of radius Rq outside B and of radius Ri inside B. Since 
dXl is of class C^, each connected component w of 11 has a rotational symmetry of order N > 2. Let x, y be 
two points on the boundary of io such that the angle xOy = ^ and the part of doj between x, y generates 
the whole boundary of u. Since F is rotational invariant, we can assume the point x to belong to the 
horizontal axis. The strategy consists in using a simple parametrization of the boundary of 11 with two 
angles a, 6 as described below and to eliminate all possible values of these parameters by contradicting 
either a first order or second order optimality condition or proving that the value of the functional F is 
greater than 0.406 (see Propositions 14.51 and 14.16P . 

We will distinguish the case where H is connected from the case where H is not connected in the next 
two subsections. Figure [5] summerizes the structure of the proof in the two cases, in terms of the range of 
the parameters a, 6. 

4.2.1. Connected case. First of all, let us remark that, by statement (4) of Proposition 14.11 we can restrict 
the analysis to non-convex domains. Let M be an intersection point between 511 and dB, A be the center 
of the arc Fq of radius Rq and B be the center of the arc Fi of radius Ri. Since H is of class C^, the points 
A, M, B belong to a straight line. 

Let 9 G (0, be the angle between Ox and OM and a G (;^,t) be the angle between Ax and AM. 
Notice that, by construction, O<0<;^<a<7r. The parametrization of the straight line passing 
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Lemma 

Lemma 

Lemma 

m 

Lemma 14.61 

Lemma 14.91 

Lemma 14.71 



0 vr vr 

m N 


(a) 

Figure 5. (a) Connected case, N 



(b) 


4. (b) Non-connected case, N > 3. 



Figure 6. Connected case. A set Q with one optimal ball, N = 3. 


through A,M,B is x(t) = cosO + tcosa, y{t) = sin^ + tsina, for t G M. Therefore the point A can be 
obtained for tA = and B for ts = - sln(a-^/Jvi • Therefore 


(26) 
and so 


^0 = I^aI 


sin(0) 
sin(a) ’ 


FqI — a 


sin(0) 

sin(a) 


^1 = l^sl = 



sin(f - 0) 
sin(a - f) ’ 

sin(f - 0) 
sin(a - ;!)■ 


The perimeter of O equals 2A^(|ro| + iFil). Therefore 


S(Q) 


2N 


Sin a ' \ N / 


sin(a-i) 


27r 


-27r 
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We are going to compute X{^}) = + -^i), where is the area of Q \ B and is the area of 

B\Xl. Let g he defined by dH); notice that 

(27) Ao = Rlg{a) - g{e), Ai = E^g [a - + g - oj . 

The proof will be splitted into several parts, according to the values 9, a, N. For every part, the con¬ 
tradiction will be given by the fact that n does not satisfy one of the conditions expressed in the next 
proposition. 


Proposition 4.5. Let LI he a connected planar set which minimizes the functional J-. Assume that Ll has 
a unique optimal ball and let N >2 he the order of its rotational symmetry. Then the following conditions 
hold. 


i) .4o = .4.1 < where Aq and Ai are defined in (iTfl) . 


1 1 _ 8 . 5 ( 0 ) 

Ro^ Ri~ A(0) 
(hi) T'(O) < 0.406. 


, where Rq and Ri are defined in (126]). 


(iv) Q > 0 where Q := 77(a) - 77(a - f with 77(x) 


sin^ (x) 
tan(a:)—X * 


Proof, (i) The equality follows from the fact that tt = |ri| = |f7\S| + |B\ri| = + |B\il| = \B\. 

(ii) This condition comes from the first order optimality condition. Indeed, the general optimality 
condition is d{^,V) = g d{Area, V), where /i is a Lagrange multiplier due to the fact that the areas are 
fixed, and V : is any regular vector field. This gives 


■ 1 

f It. 

1 

7 1 T. ' 


/ ™ “ 




jTq Pq 


/pi 72i 


lA. 

TT 


V-n- 


V-n 


To 


Ti 


= T 

Since this is true for every V, we obtain 


V-n+ V ■ n 


To 


I A ,2 1 A ^2 

— = 4:-+ 27r/xA^, — = 4- - 27r/iA^ 

rCo A xti A 

and hence :^ + 7 ^ = ^. 

(Hi) This is a consequence of Theorem 11.21 

(iv) This is actually a second order optimality condition. We are going to modify LI by replacing a by 
a -I- eo in 12 \ 7?! and by replacing a by a — ei in \ 12 in such a way that the area of 12 is preserved. We 
have 

sin 0 En „ r 9/ , 9 m 

7?n° =-h £q cos a- 1 _ cot a -|- eiif 2 T- cot^ a) , 

sm a sm a 

and 

(7?q°)^ = i?g[l — 2eo cot a -|- £ 0(1 -|- 3cot^ a)]. 

Moreover .4g° = (7?g°)^5(a -|- eo) ~ 5(^) and gia. -)- eo) = <7(a) + eo(l ~ cos(2a)) -|- eg sin(2a). Therefore 
Alo° = Alo + eo7?o2(l — a cot a) -|- eo7?Q(a -|- 3acot^ a — 3 cot a). 

By using an anoalogous argument we obtain 


Al^ = All -I- ei7ii2(l — /3 cot /3) — ei7?i(/3 -|- 3/3 cot^ /3 — 3 cot /3), 


where /3 = a — Keeping the total area constant, it holds 

2i7g(l — a cot a)eo + 7?geQ[a -|- 3a cot^ a — 3 cot a] 

= 272^ (1 — /3 cot /3)ei — 72fef [/3 -|- 3/3 cot^ /3 — 3 cot /3]. 

Notice that we can express ei as a function of eo, in the form ei = oeq + teg, with 

72q 1 — a cot a 
72f 1 — /3 cot /3 ’ 

72g(a -|- 3a cot^ a — 3 cot a) -j- Ri(/3 -h 3/3 cot^ /3 — 3 cot /3)a^ 
2Rf(l — (3 cot /3) 
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Let US consider the variations of the perimeter, that is, AP = APg + APi, where 
APe = 2Rl%a + e) - 2Roa 

= 2Rq£q{1 — acot a) + -Ro£o('^ + cot^ a — 2 cot a), 

AR = 2Rl{/3 - ei) - 2Ri/3 

= 2Ri£i{l — 13 cot f3) — (/3 + 2/3 cot^ (3 — 2 cot (3). 

Recalling that ei = aso + bs^, we get 


APi = 2-^(1 — a cot a)£Q + 
Ri 


Rl 


— {oi + 3a cot^ a — 3 cot a) + Ria^ cot /3(/3 cot (3 — 1) 
Rl 


£n. 


Regarding the variation of the area of the symmetric difference, we have |n'^Ai3| = |nAP| + 2A^e) where 
AAe is the variation of the external area. 

Therefore 

P + AP-27r , AP 

- 1 P iV—— 

f\nAB\+2AA,\^ ^ V. 2NAAp^' 




vr 


1 + 


ttA 


and 12 is a minimizer of P if 


AP A^ „ 

^ ^ - ■ 


It is easy to see that the £q term of the previous quantity is null, by using the optimality condition [ii). 
Moreover the £q term is 

1 R^ 

- —r[Po(« + 2a cot^ a — 2 cot a) + 7 ^( 0 - + 3q/ cot^ a — 3 cot a) — Pio^ cot /3(1 — (3 cot (3)] + 

27ro Pi 

4 n n IGAPn n 

- rRnioi + 3a cot a — 3 cot a)-(1 — a cot a) . 

vrA tt^A^ 

Using again condition (ii), we can say that the above quantity is positive if and only if Q > 0. □ 


Lemma 4.6. Let LI he a connected planar set which minimizes the functional P. Assume that 12 has 
a unique optimal ball and let N be the order of its rotational symmetry. If N > 4, -^ < 6 < ^ and 
jf < a < TT, then Mo — Mi > 0. 

Proof. Let us set z{9,a) := Mq — Mi- It is easy to prove that > 0; therefore z{9,a) > z{9,7r/N). It is 
sufficient to prove that Z{9) := z{9,Tr/N) > 0. We observe that Z{^) = 0 and Z{-^) > 0. Notice that Z' 
has only one zero 9q in (0, ^), is positive in (0, 0o) and negative in {9q, ^), therefore Z is positive. □ 

In the sequel we will often use the following formula: 

1 1 sin (^) sin(a — 9) 

Po Pi sin(0) sin — 9) 

Notice that 

Mo = sin^ 9h{a) - g{9), Mi = sin^ ~ ^ ~ ^ ^ ~ ’ 

where g, h have been defined in ([3|). 


Lemma 4.7. Let LI be a connected planar set which minimizes the functional P. Assume that 12 has 
a unique optimal ball and let N be the order of its rotational symmetry. If N > 4, 0 < 9 < ^ and 
Jf < Oi < ^, then P{Ll) > 0.406. 


Proof. We observe that 


^ 1 ^ sin (f) sin(a - 9) ^ 

Po Pi sin(0) sin (^ — 0) “ \2N 


d(Ll) 1 

AM “ 4 



Proposition 14.51 implies that 
(28) 


2N 
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and A(r2) = —{Aq +Ali) = -^Aq. Notice that 


(29) 


2N 


2N 


TT 


< 


TT 

2N 

TT 


A(r2) =- Ao < - sm^((9) /?'( — ) — 0 sm{9) cos{0) 


TT 


Sin 


f TT \ TT TT f \ 


\2NJ 2 2N 


By (1^ and (IM]l one has J-'(ri) > 0.406, since > 4. 

Remark 4.8. In the sequel we will often use the above technique to get a contradiction. 


□ 


Lemma 4.9. Let LI he a connected planar set which minimizes the functional T. Assume that has 
a unique optimal ball and let N be the order of its rotational symmetry. IfN>4:, 0<9<-^ and 
f < « < f + then Q < 0,where Q is defined in Proposition \4.5\ 

Proof. Since H{a) < 0 and H{a — ^) > 0, the quantity Q is negative. □ 

Lemma 4.10. Let LI he a connected planar set which minimizes the functional T. Assume that O has 
a unique optimal hall and let N he the order of its rotational symmetry. If N> 17, 0<9<^ and 
^ < a < TT, then iPiLl) > 0.406. 

N, 


Proof. One has 6 = —d{a,9) — 1, where 


d{a, 9) := sin(0) — 


a 


(30) 


Observe that d{a,9) > d{a,0), since > 0, and 


sin(a) 

d{a, 0) > sin 


TT 


+ sin ( — - 6» 


a — 


N 


sin(a - f) 


n) 


^TT - — 

4 '' N 

sin(fvr- ;|) 


By Proposition 14.51 and the fact that A(0) < 2, we have 


(31) 

and mi > 0.406 for N > 17. 


FiH) > mi := - 
4 


N 

— sin I — 


TT 


TT 


4 ’’’ N 




n 


Lemma 4.11. Let LI be a connected planar set which minimizes the functional F. Assume that LI has 
a unique optimal ball and let N be the order of its rotational symmetry. If N > 8, 0 < 9 < -^ and 
^ ^ < a < then F{L}) > 0.406. 

Proof. As in the previous lemma, 6{Ll) = ^d{a, 9) — 1, where d{a, 9) has been defined in (130]) and d{a, 9) > 
d{a,0) > f sin(;^). Moreover A(0) < ^[sm^{^)h{^) - g{^)]. Hence 


(32) F{Ll) 

and m 2 > 0.406 for N > 8. 


S{Ll) ^ _ f sin(f) - 1 _ 


□ 


Remark 4.12. Notice that estimates m and for F hold for every iV > 4. However they are not 
sufficient to conclude for any N > 3. 

Lemma 4.13. Let LI be a connected planar set which minimizes the functional F. Assume that LI has a 
unique optimal hall and let N he the order of its rotational symmetry. If either 
(i) 4: < N < 16, 0 < 9 < and ^ < a < tt, 
or 

(a) 5<N<7,0<9<f^ and \ + < a <'^, 

then Q <6, where Q is defined in Proposition^^ 

Proof. We are assuming, in both cases, that a > ^ + ^. If H{a) < H(a — < 0, then Q is negative, 

because the sum of its first two terms is negative. Therefore we can assume that H{a — ^) < H{a) < 0. 
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The mean value theorem and the estimate \H'\ < 0.3 on the interval (1.973, vr) imply that —H{a — < 

0.3^ — H{a). Therefore, dropping negative terms in the expression of Q, we get 

0.371 32iV 6{n) 

Nsin^i^) vr A2(0) 

0.377 32iV 5{n) 

~ A^sin^(^) TT A2(n) 

We are now going to use estimates (l3T]) and ([32]) . If assumption (i) holds we have Q < — ^^rni < 

0 for 4 < < 16. If assumption (ii) holds true, we have Q < y ~ ^^^2 < 0 for 5 < iV < 7. □ 

We are now left with the cases N = 2,3. 


Q < H{a) 


1 


1 


sm 


9 


Lemma 4.14. Let LI be a connected planar set which minimizes the functional J-. Assume that Ll has a 
unique optimal hall and let N = 3 he the order of its rotational symmetry. 

(1) If ^ and f < a < then iF{Ll) > 0.406. 

(2) If 0 < 9 < ^ and f < a < then Q <0. 

(3) If 0 < 9 < ^ and ^ < a < tt, then Ali > ^. 

(4) // ^ < 0 < f and ^ < a < tt, then Q < 0. 

(5) If ^ < 9 < ^ and f < a < tt, then AIq — Ali > 0. 


Proof. (1). Assume ff < a < §. Then 


T 


1 1 

Rq Ri 


sin(|) sin(Q; — 9) 
sin(0) sin(^ — 9) 


> Ve. 


Moreover, 


x{n) = -Mo < - 

TT TT 


sm 


Therefore, by Proposition 14.51 T'(Al) > 0.406. 


Now assume § < a < yf. Then 

T 


Moreover, 


1 1 

Ro Ri 


6 


sin(|) sin(Q; — 9) 
sin(0) sin(^ — 9) 


> V3. 


A(n) — —Mo < 


sm 


h 


577 

12 


77 77 

Therefore, by Proposition 14.51 T'(n) > 0.406. 

(2) . With the same arguments of the proof of Lemma 14.91 one obtains Q < 0. 

(3) . Ml = sin2(0 - l)h{a - f) + 5(f - 0) > sin^d - - |) + 

(4) . Let d{a,9) be defined by ([30]) . As in Lemma 14.101 we have d{a,9) > d{a,0) > d{^^ 

that \{n) < 2, one gets Q < d(f, ^) - 1) < 0. 

(5) . The proof is completely analogous to that one of the case A" > 4. 


6 ’ 12 ^ 


Using 


□ 


Lemma 4.15. Let LI he a connected planar set which minimizes the functional T. Assume that Ll has a 
unique optimal ball and let N = 2 he the order of its rotational symmetry. Then Q < 0, where Q is defined 
in Proposition ^.^ 

Proof. Notice that 77(a) < 0 for | < a < 77 and H{a — 77 / 2 ) > 0 for a < 77. Therefore Q <Q. □ 

4.2.2. Non-connected case. Let us first remark that we can assume that the optimal domain has, in this 
case, only two connected components. Indeed, let Ei be the connected component which intersects the 
optimal ball and assume we have several other connected components E 2 , E^,.... First, we can assume 
that all these components have an empty intersection with the optimal ball B, since otherwise one can 
translate the components far away, increasing the value of A and keeping the value of 6, by Lemma l3.11 
Moreover, by the isoperimetric inequality, we can obviously assume that all of these components E}^,k >2 
are balls. Then, we can apply the optimization procedure explained in the proof of Proposition 13.31 for 
which we have seen that the optimal configuration is composed of one or two balls. But if there are two 
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balls, they must have different radii which is not possible since the optimality condition (2) of Proposition 
IQ claims that the radii outside the optimal balls must be equal. Thus, the optimal domain must have 
only two connected components Pli, E 2 and E 2 is a ball not intersecting B. 

If the set El is contained into B, then Ei is a ball. Hence, by a direct computation for the union of two 
balls, it holds T'(n) > 0.406, and so 12 cannot be optimal. 

We therefore assume that Ei is not contained into B. In this case, the parametrization of its boundary 
is the same as in the connected case (see Figure [21), and we have 0 < 0 < ^ and 0 < a < tt. Indeed, the 
condition 


1 < XA -h Bo = 


sin(a — 0) sm0 


+ 


sm a sm a 

where A is defined as in Figure 121 is equivalent to a > 0. Moreover we observe that 


(33) 


Bi = 


sin(f - 0 ) 

sin(f - a)’ 


Rq — 


sm{0) 

sin(a) 


We remark that E 2 is a ball with radius Rq. Notice that 


(34) 

and 


•^0 = Rog{oi) - g{0), Ai = Rig[a -+5(- 0 


N 


A(Q) = + 


vr 


N 

5{n) = — 

TT 


smf 


a- 


vr 


N 

+ I a- 


N 


sm a 


TT 


sin(f - 9 ) 


TT / sm a — 




+ i2o ~ 1- 


As in the above subsection, the proof will be splitted into several parts, according to the values 0,a,N. 
For every part, the contradiction will be given by the fact that 12 does not satisfy one of the conditions 
expressed in the next proposition. 

Proposition 4.16. Let Cl be a non-connected planar set which minimizes the functional E. Assume that 
12 has a unique optimal ball B. Let w be the unique connected component which intersects B and let N he 
the order of its rotational symmetry. Then the following conditions hold. 

(i) Aq — Ai + ^Rq = 0 , where Aq and Ai are defined in 

(ii) -^ + -^ = ^^7 where Rq and Ri are defined in 
(hi) E{Cl) < 0.406; 

(iv) Q>0, where Q := - tt/N) - H{x) = 


siE(e) i sin^(7r/Af-e)' 

(v) 4>(a) > 0 , where <&(«) := NiJoll ~ acot(a)][cot(Q;) — —(1 — acot(a))]. 


Proof. Statements in {i)-{iv) are analogous to those of the connected case (see Proposition 14.5|) . Let us 
prove statement (v). We consider the following perturbation of 12: we reduce the area of the second 
component E 2 , increasing that one of Si \ H in order to keep the total area equal to vr. Therefore a is 
modified into a + s and Rq into Rq. Observe that Ri keeps unchanged. Now, 

.-2 


Rf.= 


sm ( 


+ e cos a — 


sina 


sina 


= i 2 o[l — ecot a + e^(l /2 + cot^ a)], 


and 


(i?o)^ = i?o[l — 2ecot a + e^{l + 3cot^ a)]. 

Moreover Aq = {Riff‘g{a + e) — g{0) and g{a + e) = g{a) + e(l — cos(2q;)) + sin(2a). Therefore 
AI = Ao + e22o2(l — a cot a) + e^22o[a + 3acot^ a — 3 cot a\. 

Since we are keeping the total area unchanged, we have ttRq — N{Aq — Mq) = 71 ( 225 )^ which gives 


Rq — Rq ~ n 


1 NiAfi - Mo) 


ttRq 


i n^ai-Aq^ 

8 ttRq 


and hence 

271 ( 22 ^ - Rq) = -N 


N 


2e{l — a cot a) + £‘^{{a + 3a cot^ a — 3 cot a) H-(1 — a cot a)^) 

TT 
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The variation of the perimeter equals to 

2N{a + e)i?o ~ ^ ^ + ^^(1/2 + cot^ a)] — INoRq + 


-N 


2e(l — a cot a) + + 3q: cot^ a — Scot a -\ - {1 — a cot a)^) 

vr 


Observe that the previous expression is a second order polynomial in £. In particular the terms in £ vanish 
according to (ii). The terms in equal to NRQ^{a) = NRo[l — a cot (a)] [cot (a) — ^(1 — a cot (a))] and 
must be positive by the optimality of the set fl. □ 


Lemma 4.17. Let LI be a non-connected planar set which minimizes the functional J-. Assume that II 
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N >2 
be the order of its rotational symmetry. Hence the function <h(a) defined in Proposition has a zero 
a{N) > such that <h(Q;) < 0 for a{N) < a < vr. In particular a{2) « 1.22 and a{N) < 1 for N >6. 

Lemma 4.18. Let LI be a non-connected planar set which minimizes the functional J-. Assume that II 
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N be 
the order of its rotational symmetry. 

If N > 3, < 0 < and 9 < a < n, then — .4.1 + ^Rq > 0. 

Proof. We divide the proof into two parts, according to the values of a. H ^ < a < -k, one proves, as in 
the connected case, that Aq — Ai > Q. If 0 < a < ^ we have 

Ao-Ai = sin^ eh{a) - g{e) + sin^ h - g . 

Let us set z{6, a) the right hand of the last equality. The derivative with respect to a of z is positive. 
Therefore .4o — 4.i > z{6,6) = 0. □ 


Lemma 4.19. Let LI be a non-connected planar set which minimizes the functional T. Assume that LI 
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N be 
the order of its rotational symmetry. 

IfN>3, 0<9<-fj^ and < a < a{N), then > 0.406. 


Proof. The proof is composed by several steps. 

Step 1. Assume that ;^ < a < 1 and N > 10. By Proposition 14.161 


S5{LL) 

\{Ll) 


1 1 

-^ + -^ >2cos 
Kq Ki 



Moreover 


\{LL) 


2N 

vr 


Aq + 2Rq < 



TT 1 

-1— sm 

2N 2 



2N 1 

TT 2C0S2(^)’ 


and hence J'(ll) > 0.406. 

Step 2. Assume that ^ < a < and N = 7,8, 9. By Proposition 14.161 


Moreover, 


86{Ll) 

XiLl) 


1 1 

——h > 2 cos 

Rq Ri 



2N 

\{LL) = —Ao + 2i?g 

vr 


< 


sin^ 

\2NJ \N-1 


vr 1 / T \ 


2N 


+ 


vr 2cos2(^) 


and hence J-'(ll) > 0.406. 

Step 3. Assume that < a < 1 and N = 7,8,9. By Proposition 14.161 


85{LL) 

A(0) 


1 1 

-^ + -^ >2cot 
rto 



vr 

A^- 1 
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Moreover, 


X{n) = —Ao + 2i?o 

TT 


< 


sm 


f—) 

\2NJ 


h 


TT 


N-l 


TT 1 . / TT \ 

in - 


2iv + r“ 


2N 


+ 


\2NJ\ TT 2cOs2(^) 


therefore > 0.406. 

Step 4- Assume that ^ <a < a{N), 0 <9 < 2 N +2 ^ ~ 3,4, 5,6. By Proposition 14.161 


8d{n) sin(f) 

X{n) Ro Ri ~ 


Moreover, 


x{n) = 


< 


2N 

TT 

sin^ 


Mo + 2i2Q 


TT 


2N + 2 


h 


TT 


2N + 2 


TT 


2N + 2 


2N sin^ 
+ 2 — 


21 V +2 


TT 


sm 


(#) ’ 


therefore M'(fl) > 0.406. 

Step 5. Assume that ^ < a < a{N), 2 N +2 — ^ — W A" = 3,4,5, 6. Then 


N 

5in) > — 

TT 


sm 


TT 


N 


2 N + 2 J sin(f) 


TT 

+ sin I — — 


TT 


N 2N + 2 


sm 


+ 


2iV+2 


sin(Q!(A^)) 


- 1 . 


Moreover, 


2N 

X{n) = —Mo + 2Rl < 

TT 


sm 


f—) 

\2NJ 


)h{a{N))-g[ — 


TT 


TT 


sm 


2Ar 2sin2(^) 

■ 2/ TT 


iw) ’ 


therefore T'(fl) > 0.406. 


□ 


Lemma 4.20. Let LI be a non-connected planar set which minimizes the functional J-. Assume that fl 
has a unique optimal hall B. Let w be the unique connected component which intersects B and let N be 
the order of its rotational symmetry. 

IfN>3, 0<6<-^ and 9 < a < ^, then iF{Ll) > 0.406. 

Proof. Let us estimate 6{Ll) and A(r2); for every N we have 


N 

5{n) > — 

TT L 


6* + sin ( ^ - 0 


N 


T Rq ~ 1 ^ — sin ( ^ 1 + Ro ~ 1) 


A(fl) = —Ao + 2 RI< — 

TT TT 


TT 

■^r^5(a) -gi^) 

sm a 


TT 


N 


2N 


+ 2i?o < ~r^og i TF) + 


TT 


TT 


N 


LQ . 


Let OAT = 1 + bN = ^ sin(^) - 1. One has 


(35) 

and hence 

Notice that the function 


X{Ll) < 2i?ga7V) 


R{n) = 


6{Ll) bisf + Rq 


> 


A2(fl) 

bN + x 


4i?Qa^ 


X i-A 


4x"^a^ ’ 


attains its maximum at x = —^b^- Therefore J-{LL) > 0.406 if Rq > —and N > 5. 

Now, let iV = 3,4 and Rq > —^bjsf. We divide the analysis in two parts, according to the values of a. 

Assume that a < ^. We can write 6{Ll) = ^d{a, 9 ) + Rq — 1, where d has been defined in (j30l) . We 
observe that < 0. Therefore 
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By estimate (l3^ of A(0) we get 


T{n) > 


cos(^) — 1 + Rq 


Notice that the right hand side is a decreasing function of Rq on [—^bN, and its value at ^ is 

greater than 0.406. 

Assume now that a > ^. We have > 0. Since we are studying Ro > —^bN, we are reduced to 
compute the minimum of diarcsinf-^^), 0). The minimum of this function is equal to 0.9918 if = 3 

~ 3 OAT 

and 0.7630 if A" = 4. Therefore 


A j\i I 0.9918, N = 3, 

6{Q) > ~ i- + “ ■ 

^ ■ 0.7630, A = 4. 


We are now going to estimate \{Q). Since Rq > —and a > then 6 > where is defined by 

sindjv 4 

= — o^Af- 


sm 


2N 


Therefore 


2A , 2A /vr - 

X(Q) = —Ai < —g 

TT TT ViV 


One can easily verify that A(n) > 0.406. 

We are now going to study the case Rq < —^bN- Let 6 < 1 and assume that Rq < b. Then sin(a — 6) > 
sin0 cos — 1). Therefore 

(36) 


8 


(5(0) ^ sin(^) sin(a — 0) ^ 1 


A(0) sindsin(;^ — 0) 


- b ^ 


VA. 


For b = —I^AT, one has A(0) > 0.406, by estimate (1351) : that is, for A > 3, if Aq < —|&Ar, then 

^ > 0.406. □ 

Lemma 4.21. Let LI be a non-eonnected planar set which minimizes the functional J-. Assume that O 
has a unique optimal hall B. Let w he the unique connected component which intersects B and let N = 2 
be the order of its rotational symmetry. 

(1) If a > a{2), then <h(a) < 0, where 4>(-) is defined in Proposition \4.16 . 

(2) If j < 9 < ^ and 9 < a < ^, then Aq — Ai + ^Rq > 0. 

(3) Ifa<l, then F{Ll) > 0.406. 

(4) If0<9<j,^<a< a{2) and Rq < 0.45, then Aq — Ai + ^Rq < 0. 

(5) If0<9<j,^<a< q;(2) and Rq > 0.45, then A(0) > 0.406. 

Proof. (1). This follows from Proposition 14.171 

(2) . The proof is analogous to that of the case A > 3, see Lemma 14.181 

(3) . Let 9 < a < ^ and let Rq < 0.3670. One can use estimates (1351) and (f36]l with b = 0.3670 to prove 
> 0.406. We now assume that Rq > 0.3670. Let us estimate (5(0): using the function d defined in 

(I^U)) we get 


that ^ 


(5(0) = -d{a, 9) + RQ-l>-d(^,9)+RQ-l>--^, 

TT TT V 6 / TT sm g 

because the derivative of d with respect to a is negative. On the other hand, 

A(0) = —Ao + 2i?Q < —R^g f—1 + 2Ag, 
vr TT V 6 / 


+ Rq — 1, 


> 


‘4^+Rq - 1 

TT Sin -J 


5(0) 

A^" 4Rlg{l) + 2Rl 


therefore 
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The function on the right hand side being decreasing with respect to Rq, if Rq G (0.3670, it holds 


e- 1—2_ 1_ vd _ 1 

0 TTsini ^ 2 ^ 

^ - > 0.406. 


m) = ^> 


^ 5 ( f )+1 


(4). We are going to prove that ~ + \Rq < 0, that is, 

sin^ 6 
sin^ a L 
dG 


G{a, 9) := ^— g{a) H— + sin(20) + cos^{9)h ( -«')<—. 

sin a L 2 J \ 2 / 2 


Since ^ > 0, we have 


TT 

G{9,a) < G(arcsin(0.45 sin a), a) < max G(arcsin(0.45 sin a), a) < —. 

«e[f,a(2)] 2 

(5). We can write 5 in the following way: 

(5(14) = —d{a, 9) + Rq — 1, 
vr 

where d has been defined in (j30|) . Observe that d is concave with respect to 9. Therefore 
min (4(0,0;) = min{(i(a, arcsin(0.45 sin a)), (i(a, arcsin(\/2/2 sin a))} 

a 

« 1.4169. 

On the other hand. 


where 


A(14) = -Ai = -L{a,9), 

TT TT 


Now, it is easy to see that L is decreasing with respect to 9. Therefore L{a,9) < L(o, arcsin(0.45sin o)). 
This implies that 

4 

A(0) < — maxL(a, arcsin(0.45 sin o)) « 0.7081. 


TT “ 


The estimates above on (5(14) and A(14) entail T'(14) = > 0.406. 

5. Conjecture on the optimal set 


□ 


In this section, we describe a set that we conjecture to be optimal for R. This conjecture would follow 
from these two properties: 

Conjecture 1. (i) The optimal set 14o is connected and has two perpendicular axes of symmetry. 

(2) The optimal set has exactly two optimal halls Bi and B 2 realizing the Fraenkel asymmetry. 

Once these properties (which seem to be difficult) are proved, the problem becomes finite dimensional. 
More precisely, the optimal set belongs to a class of sets named masks in [6] (see Figure ED- Three 
parameters are sufficient to describe the family of masks M in competition. For that purpose, we will 
use the regularity of the optimal domain which allows us to consider only G^ competitors. Moreover 
the volume constraint allows us to get rid of one of these parameters, leading to a simple unconstrained 
optimization problem in two variables. We point out that the solution of this minimization problem is a 
non convex domain Mq such that J-'(Mo) < infcjgc ^"(14) = 0.405585 , where C be the class of planar convex 
sets (see Theorem [T2D . 

We recall that by Proposition 14.11 statement (2), the boundary of the optimal domain is composed of 
arcs of circle, the radius of each arc is the same in any connected component of the complementary of 
the union of boundaries of the two optimal balls. This holds true since small variations of the boundary 
far from the optimal balls do not change these balls (and then the Fraenkel asymmetry). Therefore, 
the problem is locally equivalent to minimizing the perimeter with a volume constraint. Thanks to the 
symmetry assumption, a mask is thus composed of 8 arcs of circle with three different radii. 

Let us fix the notations (see Figure (Tj). We will explain later what are the parameters that we use to 
completely describe the sets. We choose to work with sets of area vr in an orthonormal frame centered at 
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Figure 7. Parametrization of a mask M with a, 9, xq 


O. The two optimal (unit) balls Bj and B 2 are respectively centered at Pi = (xo,0) and P 2 = (—xo,0). 
By symmetry, it suffices to describe the boundary of M in {x > 0, y > 0}. In this quadrant, the boundary 
is composed of three arcs of circle: 

• an arc 71 of center Oi = ( 0 , yi) and radius Pi in the intersection of the two optimal balls, 

• an arc 72 of center O 2 = (x 2 ,y 2 ) and radius P 2 inside the ball Pi and outside the ball P 2 , 

• an arc 73 of center O 3 = (xs, 0) and radius P 3 outside the two balls. 

We also introduce the intersection points of the boundary of M with the boundary of the optimal balls in 
the upper half-plane, A = (xa, Va) and B = {xB,yB) being in the first quadrant and A' = {—xa, yA),B' = 
{—xb-iVb) their symmetric with respect to the y axis: 

dUr\dBi = {B,A!} and ^Uf^^B2 = {A,B']. 


Moreover, by Corollary 12.51 these points have same height: i/a = yB- We finally introduce the angles 
a = {O^, O^) and 9 = (P 1 O 3 , ^). 


The regularity of 5M implies that 01,^4,02 and 02 , 03 , P are on the same line. By elementary 
trigonometric calculus the following relations hold: 


Pi 


cos 9 — xq Xq sin 9 

i ? -^2 ? -^3 ? 

Sin a sin a cos a 


Oi = 0 


cos{9 — a) — Xq cos(q;) 


sina 


, O 2 = I cos 9, sin 0 — 


Xq cos a 
sin a 


\ ( cos(a-|-6*)\ 

, O 3 = xo +-^ 

/ \ cos(q! J 


that is, all these quantities can be expressed in term of the three parameters a, 0 ,xo. 

With all these formulae in hand, it becomes easy to compute the perimeter P(M) of M, its area A(M) 
and its Fraenkel asymmetry A(M). More precisely we have: 


(37) 


P(M) =4 


Q!(xo -t- COS 9) a sin 0 ^ vr sin 9 
sin a cos a 2 cos a 


and, by definition, (i(M) = P(M)/27r — 1, 
" Xq — cos^ 9 


h{a) + xo(sin0 -|- h{a) cos 9) + cos 0 sin 0 -|- 


sin^ 0 


h{^ - a 


(38) 7l(M)=4 


2 


2 
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where h is defined in ([5]), and finally 

(39) A(M) = 2 - ^ {2xQh{a) cos 6 + 0 + cos 9 sin 9 — h{a) cos^ 9'j . 

Notice that the boundary of an optimal domain is composed by arcs of cercles whose radius changes 
depending on the mutual position of cfM and the boundary of an optimal ball. That is 9M changes 
curvature at the intersection points of the boundary with the optimal circle, and hence we do not need to 
check that Bi and B 2 are indeed optimal balls. More precisely, we are now looking for the best domain, 
namely the best parameters a,9,xo for the ratio 5/A^ with the constraint j 4(M) = vr. It turns out that 
the area is a quadratic polynomial in xq, therefore, the constraint ^(M) = vr allows us to eliminate the 
variable xq, by expressing it as a function of 9, a. By construction, the three parameters must satisfy 

0 < a < —, —xo + cos 0>O a + 9 < — 

the second inequality expresses the fact that the point A must be in the first quadrant and the third one 
that the radius i ?3 < 1, otherwise the arc 73 would not be outside the ball Bi. Thus the second inequality 
just means that we will look for the root of the quadratic which is between 0 and cos 0 . 

Finally, the problem reduces to minimize the function of two variables J{a,9) := (P(M) — 27r)/A^(M) 
where P(M) and A(M) are defined respectively in (l37|l and (l39]l and xq is expressed by 2 l(M) = vr with 
A(M) defined in (1551) . We just have to assume 0 < a, 0 < 9,a + 9 < We observe that in the configuration 
where the sign of the curvatures inside the optimal balls is opposite, the parameters satisfy 0 < a < 7 r /2 
and 0 < 9 < TT. 

A numerical computation provides the explicit values of the optimal parameters; Figure [7] has been 
drawn by using such values. For the corresponding set the value of the functional B is approximately 
0.3931. This entails that the optimal set for B cannot be convex by Theorem 11.21 

Conjecture 2. The value of the optimal constant is c* = 2.5436249 and the set which saturates is the 
“mask” Mq described above with the following values of the parameters: 

a = 0.2686247, 9 = 0.5285017, xq = 0.3940769. 

The value of T for the set Mq is 1/c* = 0.3931397. 
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